The energy of a graph is defined as the sum of the absolute values of all eigenvalues of the adjacency matrix of the graph. Zhang and Li [F. Zhang, H. Li, On acyclic conjugated molecules with minimal energies, Discrete Appl. Math. 92 (1999) 71-84] determined the first two smallest-energy trees of a fixed size with a perfect matching and showed that the third minimal energy is between two trees. This paper characterizes trees of a fixed size with a perfect matching with third minimal, fourth minimal and fifth minimal energies for n ≥ 86 and third minimal, fourth minimal energies for 14 ≤ n ≤ 84.
Introduction
Let G be a graph on n vertices and A(G) the adjacency matrix of the graph G. The characteristic polynomial of A(G),
Φ(G, x) = det(x I − A(G)) Φ(G),
where I denotes the unit matrix of order n, is said to be the characteristic polynomial of G. The roots λ 1 , λ 2 , . . . , λ n of Φ(G) = 0 are called the eigenvalues of the graph G. Since A(G) is symmetric, all the eigenvalues of G are real. The energy of G, denoted by E(G), is defined for our purposes as
In particular, if G is a bipartite graph and λ 1 ≥ λ 2 ≥ · · · ≥ λ n , then by the Coulson-Rushbrooke pairing theorem [1] , we have E(G) = 2 For an acyclic graph T with n vertices, let m(T, k) be the number of k-matchings of T (k ≥ 1), and define m(T, 0) = 1. Then the energy of T is also expressible in terms of the Coulson integral formula [3] as
The fact that E(T ) is a strictly monotonically increasing function of each matching number m(T, k), k = 0, 1, . . . , [ n 2 ], led Gutman [4] to define a quasi-ordering over the set of all acyclic graphs to compare their energies: If G 1 and G 2 are two acyclic graphs, then
G 2 , and there exists some j such that m(
If neither G 1 G 2 nor G 1 G 2 , then G 1 and G 2 are said to be incomparable. For the study of the quasi-ordering and the extremal values of energies over some classes of graphs a number of results have been reached (see [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and the references therein).
A pendent vertex is a vertex of degree 1, and a pendent edge is an edge incident with a pendent vertex. Denote by Φ n the class of trees with n vertices which have a perfect matching and by Ψ n the subclass of Φ n whose vertex degrees do not exceed 3. For the case of minimal energy, Gutman [5] proposed the following two conjectures: Conjecture 1. Among trees in the class Φ n , E(T ) is minimal for the graph F n , where F n is obtained by adding a pendent edge to each vertex of the star K 1, He also checked all the trees with a perfect matching less than sixteen vertices. In [17] , Zhang and Li verified the above two conjectures using the quasi-ordering relation ≺. Furthermore, they determined the second minimal tree B n (see Fig. 1 ) and showed that the third minimal is between two trees M n and Q n (see Fig. 3 ). If we proceed in this direction in the class Ψ n , the relation is still usable. In [11] , Li characterized roughly the first n 2 smallest trees of Ψ n . Unfortunately, if we go further to solve the problem of finding the third, the fourth, etc., smallest energies in the class Φ n , the quasi-ordering cannot go far.
In this paper, we determine the third, the fourth and the fifth smallest energies in Φ n for n ≥ 86 and the third, the fourth smallest energies in Φ n for 14 ≤ n ≤ 84.
Lemmas and results
In this section, we only consider trees in Φ n . For T ∈ Φ n , we denote by M(T ) the perfect matching of T . Let
is the edge set of T . Denote byT the graph obtained from Q(T) by deleting the isolated vertices. We callT the capped graph of T and T the original graph ofT . For example,
For each k-matching Ω of T , it is partitioned into two parts: Ω = R ∪ S, where S ⊆ M(T ) and R is a matching in T . On the other hand, any i-matching R ofT and k − i edges S of M(T ) not incident with R form a k-matching Ω of T with partition Ω = R ∪ S. From now on, when we refer to a k-matching of T including a certain s-matching R of T , it is in such a sense. This is our fundamental principle of counting the k-matchings of T which was first introduced in [17] . 
Lemma 2.1 ([17]
). The first two smallest-energy trees in the class Φ n are F n and B n , where B n is obtained from F n−2 by attaching a P 2 to the 2-degree vertex of a pendent edge (see Fig. 1 ).
Lemma 2.2 ([2]). Let v be a vertex of a tree T . Then the characteristic polynomial Φ(T ) satisfies
where the summation extends over those vertices w adjacent to v.
Let L n be obtained from F n−4 by attaching two P 2 's to the 2-degree vertex of a pendent edge, and let H n be obtained from F n−4 and P 4 by adding an edge between them joining a pendent vertex of F n−4 and a 2-degree vertex of P 4 to form a path of length 7 (see Fig. 2 ). Then we have
Proof. Note thatL n has no 3-matchings and any i-matching ofL n is incident with exactly 2i edges of M(L n ) (i = 0, 1, 2). Then, the number of k-matchings in L n which include a certain i-matching R ofL n is
Similarly, sinceĤ n = K 1, n 2 −3 ∪ P 3 and only one 2-matching ofĤ n is incident with a common edge of M(T ),Ĥ n has no 3-matchings, and has n 2 − 1 1-matchings and 2( n 2 − 3) = n − 6 2-matchings. Thus 
and if k = 2, the inequality is strict. Thus, we have H n L n (n ≥ 8). The proof is complete.
Let Q n be obtained from F n−2 by attaching a P 2 to a pendent vertex to form a path of length 5 (see Fig. 3 ). Note thatQ n = K 1, n 2 −2 ∪ P 2 and K 1, n 2 −2 and P 2 are connected by an edge of M(Q n ) at the center vertex of K 1, n 2 −2 . Then Q n has n 2 − 1 1-matchings and n 2 − 2 2-matchings in which each is incident with a common edge in M(Q n ). Thus
Then from Eqs. (2.1) and (2.3), we have
and
This implies that L n and Q n are incomparable; then the quasi-ordering fails to compare their energies. However, by direct analysis, we have the following:
Proof. Consider the characteristic polynomials of L n and Q n , respectively. By direct calculation from Lemma 2.2, we have
we have
And since
Thus, from Eqs. (2.4) and (2.5), in order to prove that for n ≥ 86, L n Q n , we only need to show that
That is
By direct analysis, the above inequality holds for n ≥ 480. For 8 ≤ n ≤ 478, by direct calculation using "Matlab", it is easy to check that the remainder holds.
Corollary 2.1. For n ≥ 34, H n Q n ; for 8 ≤ n ≤ 32, H n ≺ Q n .
Proof. From Lemmas 2.3 and 2.4, we have for n ≥ 86, H n Q n . For 8 ≤ n ≤ 84, by direct calculation using "Matlab", the result follows.
Let M n be obtained from F n−2 by attaching a P 2 to a pendent vertex to form a path of length 6 (see Fig. 3 ). Then we have Lemma 2.5. For n ≥ 10, Q n M n and H n M n .
Proof. Note thatM n = K 1, n 2 −2 ∪ P 2 and K 1, 
Then from Eqs. (2.3) and (2.6), we have
and if k = 3, the inequality is strict. Thus, we have Q n M n . From Eqs. (2.2) and (2.6), we have for n ≥ 10,
and if k = 3, the inequality is strict. Thus, we have H n M n . The proof is complete.
Proof. From Lemmas 2.4 and 2.5, we have for n ≥ 86, L n Q n M n . For n ≤ 84, by direct calculation using "Matlab", it is easy to check that the remainder holds.
The trees in Φ n can be divided into two classes: one in which trees have a connected capped graph; the other in which trees have a disconnected capped graph. F n , B n and L n are in the first class, while M n , Q n and H n are in the latter one. In the first class, for any tree T an i-matching ofT is incident with exactly 2i edges of M(T ), while in the second class, for any tree T , there exists at least one 2-matching ofT which is incident with a common edge of M(T ).
For the minimal energy ordering of trees in the first class, Zhang and Li [17] presented the following:
Lemma 2.6. For n ≥ 8, the first three smallest-energy trees in the first class are F n , B n and L n , respectively.
For the minimal energy ordering of trees in the second class, we have the following:
Lemma 2.7. Let M n , Q n and H n be the trees defined as above. Then we have
(1) For n ≥ 34, the first three smallest-energy trees in the second class are M n , Q n and H n , respectively.
(2) For 10 ≤ n ≤ 32, the first two smallest-energy trees in the second class are M n and H n , respectively.
Proof. For any tree T in the second class, T H n ,T has two disjoint edge non-empty forests T 1 with a edges and T 2 with b edges such that a + b = n 2 − 1, which are linked by some edges of M(T ). Suppose that a ≥ b and T 2 is a tree. Without loss of generality, we distinguish the following five cases. Case 1. T 1 has exactly j ( j ≥ 2) connected components, say, T 1 , T 2 , . . . , T j ; define |T i | = t i (i = 1, 2, . . . , j). Then T has n 2 − 1 1-matchings and there exist at least two 2-matchings ofT in which each is incident with a common edge in M(T ) and the number of 2-matchings ofT satisfies
From Eqs. (2.2) and (2.7), we have
and if k = 2, the second inequality is strict. Thus T H n . So, in the following cases, we can assume that T 1 is a tree and the edge of M(T ) which connects T 1 and T 2 is e. Case 2. Either T 1 or T 2 , say T 1 , has two disjoint edge non-empty trees T 3 and T 4 connected by an edgeê ofT . Then
Thus, in this case, the number of 2-matchings ofT not includingê is no less than
and that of 2-matchings ofT includingê is at least one. Then we have m(T , 2) ≥ n − 5. Now we can give the main result of this paper.
Theorem 2.1. Let F n , B n , M n , Q n and L n be the trees in Φ n defined as above. Then
(1) For n ≥ 86, the first five smallest-energy trees in the class Φ n are (in order):
F n , B n , M n , Q n and L n .
(2) For 14 ≤ n ≤ 84, the first four smallest-energy trees in the class Φ n are (in order):
F n , B n , M n and L n .
Proof. We first prove that (1) holds. From Lemma 2.6 and (1) of Lemma 2.7, we only need to prove that for n ≥ 86, B n ≺ M n and Q n ≺ L n ≺ H n .
From Lemma 2.1, we have B n ≺ M n . From Lemmas 2.3 and 2.4, we have L n ≺ H n and Q n ≺ L n (n ≥ 86). Thus (1) holds.
Secondly, we prove that (2) holds. From Lemmas 2.6 and 2.7, we only need to prove that for 14 ≤ n ≤ 84,
From Lemma 2.1 and Corollary 2.2, we have B n ≺ M n ≺ L n (n ≥ 14). From Lemmas 2.3 and 2.4, we have L n ≺ H n and L n ≺ Q n (14 ≤ n ≤ 84). Thus (2) follows. The proof is complete.
